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Introduction
A asset price return mr\

r(t) =In(p(t)) - In(p(t- DN))
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Volatility is a measure of variation of returns.

In finance volatility is an important value to measure risk.



Volatility is nota direct observableon the markets.

We need to evaluate volatility.

To evaluate volatility we use a model which mimics the properties of the
volatility and captures the stylized facts of the financial time series.

Empirical stylized facts

A Fat-tailed return distribution
A Volatility clustering
A Absence of autocorrelations in return

A etc




10° |

Oct. 19 1987
>
-
& 10° ©
3
Gaussian
(b)
10' | | | | volatility
1960 1970 1980 1990 2000 ' :
Year clustering price return
20 =
10 L (a) S&P 500 (10 min data) ]
ol _
2 10} :
S 20 _
s 10 (b) S&P 500 (monthly data)
L r i
g 0 MNWWWWMWMWWW
=~ -10 + i
R
no-20 ¢ |
10 (c) Gaussian noise 7
Gopikrishnan et al., cond -mat/9905305 e e e e L Ay
-10 | il
=20

Time



Fat-tailed return distribution
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Probability Density

10 NASD.?.Q stocks
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Normalized Return

Tsallis et. al Physica A 324, 89 (2003)



The most popular model which captures stylized facts

GARCH(1,1) model Bollerslev(1986)

, Return time series y,
Error term

Y =s.8 g ~N(O0Y)  [SErdEa A

S :volatility

si=w+ay, ‘+bs,

It is known that this model exhibits volatility clustering and failed
return distribution.

However it is still not adequate to fully account for the fatailed
properties of the data.




Modification

Error term

Yy =5:&, e ~N(0)

g

Use more fatter distributions

~

EX (‘a:é{o +1O n+l

. . . Zg 2
St ud e-distribigiont P(x) =& \/ (- 2)§l Pt H

vexpe- ;\x/ b\vg

___ &
P(X) - G(l/ n)2(1+1/v)

1-O

%&

Generalized error distribution

It is not known what is the optimal distribution function.

Our proposal:

Use rational function for the error term




Rational Error function

\
Ty (X) <= Apolynomial of degreeM

B, (X) <= Apolynomial of degree N

PM,N(X) =

The simplest probability distribution which shows a fat-tailed form:

Nuyts, Platten(2001)

P )=
pL+(Q”- 2)x" +X7)

Parameter g tunes the shape of the rational error function.

With q=2, this functi-dstributicnwithver s t he ¢
three degree of freedom
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GARCH model with rational erro
W

=s.e, - 9
Yi &, === P(e) p+(P- 2a’ +e’)

2

— 2 2
St =w+a yt-l +b5t-1

GARCH-RE parameters a , bandw are determined so that
the model matches the financial data.

Bayesian inference performed by the Markov chain Monte Carlo



GARCHRE model parameter eStimation\‘

Bayesian inference

Markov chain Monte Carlo

Metropolis-Hastings method

y:

Metropolis method

!

Empirical analysis with JPY/USD exchange rate returns

GARCHRE model

i

GARCH model with normal error(GARSQYH
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f(y) = eaL(y|g)p(q)

Bayeso t hngC”ey)n:

p(q|y) posterior distribution

L(Y|Q) likelihood function of GARCH-RE model

p(q) prior distribution

Probability dig}ly)ouit(yppo@ d

Bayes 6theorem tells us the probability distribution of theta

g=a,b,w,q



P —

Likelihood function of GARCHRE model

—_ = A" q
Lylg=a,b,gmW)=0,_, D S+ - Y2 s+ Y Ish

Yy, : time series

s’=w+ay, +bs.



Markov Chain Monte Carlo

Model parameters are evaluated as expe

We know the probability distribution of theta

y

<q> = % Wp(q| y)d@g ¢== | Analytical integration is impossible.

We use the Markov Chain Monte Carlo method to integrate it numerically.

Metropolis method is not good enough.

We use

Qu

Metropolis zHastings method with muliA E| AT OET 1T A Wdistrdod@iénA A 1| O




Metropolis-Hastings method

onsider to generate q from O(G

pP(@|y) == useasimple proposal density

a
Draw (jfrom a proposal density g(q)

Then, accept )gyith the following acceptance.
Otherwise keep the old

. & p(qily) 9(g) @
P =
e =R b(g1y) o 2

The performance of the method depends on e .

pP@|y)° 9(g) =====) st ud e-distribuiont
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~ unknown parameters
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We need the following parameters.

Average m=(a,b,w,q) We estimate these parameters from

a short MCMC run.

variance matrix
Covariance ma The parameters can be updated

ns ' '
_ _ t)— adaptively during the MCMC
E((q m(@- m) ) n- 2 simulation.



Numerical Simulations

We generated 2000 data with a 005 b 09 w 0.05andg=1.8

We do Bayesian inference by MetropoHldastings with
3 O O A AdishibuGon(®H-STD)

. Check if the MH-STD is correct
. Compare the performance with Metropolis method
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Sampling results of a

de-correlated

Metropolis-Hastings
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Autocorrelation function (ACF)
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Results
U b ¥ q
true 0.05 0.9 0.05 1.8
MH+STD 00585 0.885 0.058 1.771
Stand. Dev. 0.0096 0.016 0.010 0.047
2t 20 01 23 01 23 0.1
Metropolis 0.0585 0.884 0.058 1.769
Stand. Dev. 0.0097 0.016 0.010 0.047
2t 400 140 770 360 760 340 60 3

e

Autocorrelation time(ACT)

(ACT)MH+STD<<(ACT) Metropolis

‘ MH-STD performs better than Metropolis

20 01 == Small ACT

==) Large ACT

t :%+a ACF(t)

t=1



Empirical Analysis

JPY/USD exchange rate returns\
. A.

JAN 4,1999- DEC 29, 2006
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Bayesian inference of GARCH-RE with these data

Compare with GARCH model with normal errors by the goodnesddit
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- |Results | \q
U b

¥ g

GARCH-N 0.0314 0.940
Stand. Dev.  0.0077 0.017 0.0049
2t A7+ 13 82+ 29 9.5 3.6

AIC 1904.35

= DIC 3799.52

The goodnessof-fit

AIC (Akaike information criterion) = - 2In L(g)+2k k:# of parameters
DIC(Deviance information criterion)= 2In L(g) - 2E(INL(g))]

AIC and DIC(GARCH-RE)< AIC and DIC(GARCH-N)
mmm==) | AIC and DIC favor GARGE model.

GARCHRE model is superior to GAR@brmal model.
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Panasonic 2006/07/046 2009/12/30 856days

ST GARCR | GARGH

AIC -4151.29 -4148.36
DIC -4156.31 -4151.97

Comparison with Realized Volatility(RV)
T

é, (R _ F_Q)Z Variance of daily

57U cRV returns

— t=1
C= T

a RY,
n t=1
MSE=3 ((57- cRV)/cRY |

t=1

Average of RV
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Scaled MSE
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AWe proposed a new GARCH  -type
function. ——

AWe developed the Bayesian inference by the MH with a multi -
di mensi onal Student 6s distributi or
performs better than the Metropolis method.

AWe did an empirical analysis with JPY/USD exchange rate
returns for the GARCH -RE model and found that the GARCH -RE
model is superior to the GARCH  -Normal error model.

AThe GARCH -RE model can be uses as an alternative GARCH
model.
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Acceptance at MH, measured every 1000
P 4 —

Acceptance
= =
W (@)

<
~

“ Y 0’ "/
t*‘ 2L

ﬂ ";‘ B'H"’ I""

25

k x1000

75



—

MC history of a
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Autocorrelation function\
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Acceptance at Metropolis-Ha
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